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Dirac-like Affine Fields in 3D
I. Miˇskovic´ and Dj. Sˇijacˇki
Institute of Physics, P.O.Box 57, 11001 Belgrade, Yugoslavia
Abstract. A generalization of the Dirac field equation in three-dimensional Minkowski
space-time to the case of the SL(3, R) ⊂ SA(3, R) symmetry is considered. Constraints
that ensure a correct physical interpretation of the corresponding particle states are pre-
sented. Dirac-like equations based on both multiplicity-free and generic infinite-component
SL(3, R) representations are outlined.
Introduction. The Dirac equation and the corresponding fields, that describe rel-
ativistic point-like quantum objects of spin 12 , played a crucial role in various important
Particle Physics developments. There is a long list starting with successful description
of the electron field and its electromagnetic interactions that goes over many aspects of
the gauge theories and the Standard Model of electroweak and strong interactions to
super-symmetry and non-commutative geometry. The aim of this paper is to consider
a generalization of the Dirac equation and the corresponding fields in 3-dimensional
Minkowski space-time to the case of the affine symmetry SA(3, R). In this case the
Lorentz subgroup SO(2, 1) of the Poincare´ group in 3-dimensions is enlarged to the
group of all (special) linear transformations SL(3, R). The relevance of such a Dirac-
like Affine Symmetry equation are for an effective description of the IR (confining)
region of the Hadronic Physics as well as in the field of gravitational interactions of
spinorial matter.
Hadronic Matter in the IR Region. There are two recent results that focus on the
relevance of the group of special linear transformations for an effective description of
the hadronic matter in QCD. (i) It has been shown, that a Yang-Mills theory based
on the SU(2) group in 3D can be recast in the form of the General Relativity theory
[1]. In particular one finds [2] a spatial SL(3, R) symmetry group. (ii) It has been
demonstrated that the QCD theory in the IR region can be described by an effective
gravity-like theory (Chromogravity) [3]. Here, instead of the local SU(3) color symmetry
one has an induced Diff(4, R) group of General Coordinate Transformations (GCT ).
The infinite-component SL(4, R) ⊂ Diff(4, R) representations describe the hadronic
matter fields [4].
General Covariance and Spinorial Matter. In the standard approach to General
Relativity one starts with the group of General Coordinate Transformations and the
theory is set upon the principle of general covariance. A unified description of both
tensors and spinors would require the existence of respectively tensorial and (double
valued) spinorial representations of the GCT group. It is well known that the finite-
dimensional representations of GCT are characterized by the corresponding ones of the
SL(4, R) group, and SL(4, R) does not have finite spinorial representations. However
there are infinite-dimensional spinors of SL(4, R) which are the true ”world” (holo-
nomic) spinors [5]. The anholonomic SL(4, R) spinors describe the fermionic matter
fields of the Metric-Affine Theory of Gravity [6].
Physical Requirements. The affine group SA(3, R) = T3∧SL(3, R), is a semidi-
rect product of translations and SL(3, R) generated by Qµν (µ, ν = 0, 1, 2). The an-
tisymmetric operators Mµν =
1
2
(Qµν − Qνµ) generate the Lorentz subgroup SO(2, 1),
the symmetric traceless operators (shears) Tµν =
1
2 (Qµν+Qµν)−
1
3ηµνQ
σ
σ generate the
proper 3-volume-preserving deformations.
Unitarity. As in the Poincare´ case, the SA(3, R) unirreps are induced from the
unirreps of the corresponding little group T ′2 ∧ SL(2, R). In the physically most in-
teresting case T ′2 is represented trivially. The corresponding particle states have to be
described by the unitary SL(2, R) representations, which are infinite-dimensional owing
to the SL(2, R) noncompactness. Therefore, the corresponding SL(3, R) matter fields
Ψ(x) are necessarily infinite-dimensional and when reduced with respect to the SL(2, R)
subgroup should transform with respect to its unirreps.
Particle Properties. Had the whole SL(3, R) been represented unitarily, the Lorentz
boost generators would have a hermitian intrinsic part; as a result, when boosting a
particle, one would obtain a particle with a different spin, i.e. another particle - contrary
to experience. There exists however a remarkable inner deunitarizing automorphism A
[4], which leaves the R+ ⊗ SL(2, R) subgroup intact, and which maps the T0k, M0k
generators into iM0k, iT0k respectively (k = 1, 2). The deunitarizing automorphism
allows us to start with the unitary representations of the SL(3, R) group, and upon
its application, to identify the finite (unitary) representations of the abstract SO(3)
compact subgroup with nonunitary representations of the physical Lorentz group. In
this way, we avoid a disease common to most of infinite-component wave equations, in
particular those based on groups containing the SL(4, R) group [7].
Dirac-like Infinite-component Equation. Let us consider a Dirac-like equa-
tion,
(Xµpµ −M)Ψ(x) = 0
for the field Ψ(x) that transforms as follows,
Ψ(x) 7→ Ψ′(x′) = D(A¯)Ψ(A(x− a)), (a, A¯) ∈ T3 ∧ SL(3, R)
A.
The Xµ matrices generalize the Dirac γµ ones, act in the space of infinite-component
spinorial fields Ψ(x) and ensure the SL(3, R)A covariance (Xµ 7→ D(A¯)XµD
−1(A¯)).
All SL(3, R) unirreps are known [8], and explicitly given in terms of the representa-
tion labels (σ, δ), and the SO(3) subgroup representations D(j). An arbitrary 3-vector
operator (j = 1) is given by
Xα = aD
A (1)
0α (g) + b[D
A (1)
1α (g) +D
A (1)
−1α(g)], g ∈ SO(3),
where, in the spherical basis, α = 0,±1. There are two distinct cases corresponding to
the multiplicity-free and generic SL(3, R) representations.
Multiplicity-free Representations Case. The SO(3) representations content {j} of
the multiplicity-free SL(3, R) representation is characterized by the ∆j = 2 condition,
and thus for the representation starting with j = 1
2
one has {j} = { 1
2
, 5
2
, 9
2
, . . .}. The
matrix elements of the Xα vector operator read
〈
(σ′)
j′m′
∣∣∣∣Xα
∣∣∣∣ (σ)jm
〉
= a
(σ′σ)
j′j (−)
j′−m′
√
(2j′ + 1)(2j + 1)
(
j′ 1 j
−m′ α m
)A
.
Generic Representation Case. In the nontrivial-multiplicity case we obtain the
following expression for the Xµ matrix elements:
〈
(σ′ δ′)
j′ k′ m′
∣∣∣∣Xα
∣∣∣∣ (σ δ)j k m
〉
= (−)j
′
−k′(−)j
′
−m′
√
(2j′ + 1)(2j + 1)
(
j′ 1 j
−m′ α m
)A
×
×
{
a
(σ′δ′σδ)
j′j
(
j′ 1 j
−k′ 0 k
)
+ b
(σ′δ′σδ)
j′j
[(
j′ 1 j
−k′ 1 k
)
+
(
j′ 1 j
−k′ −1 k
)]}
.
The reduced matrix elements a
(σ′δ′σδ)
j′j and b
(σ′δ′σδ)
j′j are determined by first embed-
ding the SL(3, R) group into the SL(4, R) one, then by identifyingXµ asQµ4 generators,
and finally by reducing the SL(4, R) representations down to the SL(3, R) ones.
In conclusion, we have shown explicitly the existence of a non-trivial Dirac-like
SL(3, R) covariant field equation fulfilling all relevant physical requirements.
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